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Let (M, g) be a compact Riemannian manifold and T1M its unit tangent sphere bundle.
Unit vector ﬁelds deﬁning harmonic maps from (M, g) to (T1M, g˜s), g˜s being the Sasaki
metric on T1M , have been extensively studied. The Sasaki metric, and other well known
Riemannian metrics on T1M , are particular examples of g-natural metrics. We equip T1M
with an arbitrary Riemannian g-natural metric G˜ , and investigate the harmonicity of a unit
vector ﬁeld V of M , thought as a map from (M, g) to (T1M, G˜). We then apply this study
to characterize unit Killing vector ﬁelds and to investigate harmonicity properties of the
Reeb vector ﬁeld of a contact metric manifold.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let (M, g) be a compact n-dimensional Riemannian manifold. Denote by X(M) the set of all smooth vector ﬁelds on M
and by gs the Sasaki metric on the tangent bundle TM . Any V ∈ X(M) deﬁnes a smooth map from (M, g) to (TM, gs).
Nouhaud [19] and Ishihara [15], independently, considered the problem of determining which vector ﬁelds V ∈X(M) deﬁne
harmonic maps. Gil-Medrano [12] determined the Euler–Lagrange equation, that is, the critical point condition, for the
variational problem related to the energy restricted to vector ﬁelds, that is, E :X(M) → R, V → E(V ), where E(V ) is the
energy of the corresponding map and the energy is deﬁned with respect to the Sasaki metric on TM .
In the framework of the geometry of tangent bundles, the Sasaki metric gs has been the most investigated among all
possible Riemannian metrics on TM . However, in many different contexts gs showed a very “rigid” behaviour. Moreover,
gs represents only one possible choice inside a wide family of Riemannian metrics on TM , known as Riemannian g-natural
metrics, which depend on several independent smooth functions from R+ to R. As their name suggests, those metrics arise
from a very “natural” construction starting from a Riemannian metric g over M . The introduction of g-natural metrics moves
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or equivalently, the description of all ﬁrst order natural operators D : S2+T ∗  (S2T ∗)T , transforming Riemannian metrics
on manifolds into metrics on their tangent bundles [16] (see also [2]). Riemannian g-natural metrics on TM have been
completely described in [3].
In [4], the present authors studied the energy of the map V : (M, g) → (TM,G) deﬁned by V ∈ X(M), for an arbitrary
Riemannian g-natural metric G , by determining the associated tension ﬁeld and the Euler–Lagrange equation for the varia-
tional problem related to the energy E restricted to vector ﬁelds. Several applications have been investigated for Hopf vector
ﬁelds and Reeb vector ﬁelds of contact metric manifolds.
Consider now the set X1(M) of all unit smooth vector ﬁelds on M which we suppose to be non-empty (this implies
that the Euler–Poincaré characteristic of M vanishes). We denote by g˜s the Sasaki metric induced by gs on the unit tangent
sphere bundle T1M .
Any V ∈ X1(M) deﬁnes a smooth map from (M, g) to (T1M, g˜s). The Euler–Lagrange equation for the variational prob-
lem related to the energy E :X1(M) → R, V → E(V ), where E(V ) is the energy of the corresponding map V : (M, g) →
(T1M, g˜s), has been determined in [26]. Previously, Wiegmink [25] already considered the variational problem related to
the total bending of V which, up to a constant, coincides with the energy of V .
Han and Yim [14] characterized unit vector ﬁelds which deﬁne harmonic maps from (M, g) to (T1M, g˜s), by determining
the associated tension ﬁeld. More recently, Gil-Medrano [12] studied when V : (M, g¯) → (T1M, g˜s) is a harmonic map, g¯ be-
ing another Riemannian metric on M , writing down the tension ﬁeld associated to V : (M, g¯) → (T1M, g˜s). The harmonicity
of vector ﬁelds with respect to metrics of Cheeger–Gromoll type was investigated in [5].
By deﬁnition, a g-natural metric G˜ on the unit tangent sphere bundle T1M is nothing but the restriction of a g-natural
metric G on TM to its hypersurface T1M . Although g-natural metrics on T1M possess a simpler form than g-natural
metrics on TM , they form a quite big class of metrics, depending on four independent real parameters (satisfying some
inequalities in order to determine Riemannian metrics). Moreover, classic examples of Riemannian metrics on T1M , like the
Sasaki metric g˜s itself and the Cheeger–Gromoll metric gCG , are special examples of Riemannian g-natural metrics.
In this paper, we equip the unit tangent sphere bundle T1M with an arbitrary Riemannian g-natural metric G˜ , and
investigate when a unit vector ﬁeld V ∈ X1(M) determines a harmonic map V : (M, g) → (T1M, G˜), and other problems
related to the harmonicity of this map. After describing Riemannian g-natural metrics G˜ on T1M in Section 2, we write
down in Section 3 the energy associated to the map V : (M, g) → (T1M, G˜). In Section 4 we deal with the Euler–Lagrange
equation for the variational problem related to the energy restricted to the set X1(M) and we note that the critical point
condition only depends on g and not on the particular Riemannian g-natural metric G˜ on T1M . Hence, the class of harmonic
unit vector ﬁelds is invariant under a four-parameter deformation of the Sasaki metric. We then calculate the tension ﬁeld
associated to the map V : (M, g) → (T1M, G˜) in Section 5, and we characterize unit vector ﬁelds which deﬁne harmonic
maps from (M, g) to (T1M, G˜). In particular, the characterization given in the case of g˜s is extended to a two-parameters
family of Riemannian g-natural metrics on T1M (including g˜s itself). In Section 6 we obtain a characterization of unit Killing
vector ﬁelds in terms of harmonicity of the corresponding map, more precisely we get that a unit vector ﬁeld V is Killing
if and only if the harmonicity of the map V : (M, g) → (T1M, G˜) only depends on g and not on the particular Riemannian
g-natural metric G˜ on T1M . Finally, in Section 7 we investigate harmonicity properties in the special case of the Reeb
vector ﬁeld ξ of a contact metric manifold (M, η, g), also obtaining a characterization of Sasakian manifolds in terms of
harmonicity of ξ .
Note that the critical point conditions of all these variational problems have a tensorial character. Hence, they may also
be considered on non-compact manifolds.
2. Basic formulae on g-natural metrics on tangent bundles
Let (M, g) be an n-dimensional Riemannian manifold and ∇ its Levi-Civita connection. At any point (x,u) of its tangent
bundle TM , the tangent space of TM splits into the horizontal and vertical subspaces with respect to ∇:
(TM)(x,u) = H(x,u) ⊕ V(x,u).
For any vector X ∈ Mx , there exists a unique vector Xh ∈ H(x,u) (the horizontal lift of X to (x,u) ∈ TM), such that
π∗Xh = X , where π : TM → M is the natural projection. The vertical lift of a vector X ∈ Mx to (x,u) ∈ TM is a vector
Xv ∈ V(x,u) such that Xv(df ) = X f , for all functions f on M . Here we consider 1-forms df on M as functions on TM (i.e.,
(df )(x,u) = u f ). The map X → Xh is an isomorphism between the vector spaces Mx and H(x,u) . Similarly, the map X → Xv
is an isomorphism between Mx and V(x,u) . Horizontal and vertical lifts of vector ﬁelds on M can be deﬁned in an obvious
way and are uniquely deﬁned vector ﬁelds on TM .
The so-called Riemannian g-natural metrics form a wide family of Riemannian metrics on TM . Those metrics depend on
several smooth functions from R+ = [0,+∞) to R and as their name suggests, they arise from a very “natural” construction
starting from a Riemannian metric g over M . In fact, the introduction of g-natural metrics moves from the description of
all ﬁrst order natural operators D : S2+T ∗  (S2T ∗)T , transforming Riemannian metrics on manifolds into metrics on their
tangent bundles, where S2+T ∗ and S2T ∗ denote the bundle functors of all Riemannian metrics and all symmetric (0,2)-
tensors over n-manifolds, respectively. For more details about the concept of naturality and related notions, we can refer to
[3,16,18].
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functions αi , βi :R+ → R, i = 1,2,3, such that for every u, X , Y ∈ Mx , we have⎧⎪⎨
⎪⎩
G(x,u)(Xh, Yh) = (α1 + α3)(r2)gx(X, Y ) + (β1 + β3)(r2)gx(X,u)gx(Y ,u),
G(x,u)(Xh, Y v) = G(x,u)(Xv , Yh) = α2(r2)gx(X, Y ) + β2(r2)gx(X,u)gx(Y ,u),
G(x,u)(Xv , Y v) = α1(r2)gx(X, Y ) + β1(r2)gx(X,u)gx(Y ,u),
(2.1)
where r2 = gx(u,u). For n = 1, the same holds with βi = 0, i = 1,2,3. Put
• φi(t) = αi(t) + tβi(t),
• α(t) = α1(t)(α1 + α3)(t) − α22(t),
• φ(t) = φ1(t)(φ1 + φ3)(t) − φ22(t),
for all t ∈ R+ . Then, a g-natural metric G on TM is Riemannian if and only if the following inequalities hold:{
α1(t) > 0, φ1(t) > 0,
α(t) > 0, φ(t) > 0,
(2.2)
for all t ∈ R+ . (For n = 1, system (2.2) reduces to α1(t) > 0 and α(t) > 0, for all t ∈ R+ .)
Convention 1.
(a) In the sequel, when we consider an arbitrary Riemannian g-natural metric G on TM , we implicitly suppose that it is
deﬁned by the functions αi , βi :R+ → R, i = 1,2,3, satisfying (2.1)–(2.2).
(b) Unless otherwise stated, all real functions αi , βi , φi , α and φ and their derivatives are evaluated at r2 := gx(u,u).
(c) We shall denote respectively by R ,  and Q the curvature tensor, the Ricci tensor and the Ricci operator of a Riemannian
manifold (M, g), respectively. The tensor R is taken with the sign convention
R(X, Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X,Y ] Z ,
for all vector ﬁelds X, Y , Z on M . Moreover, we put S(V ) = tr[R(∇ · V , V )·] and 	¯V = − tr∇2V (the rough Laplacian).
Next, the tangent sphere bundle of radius r > 0 over a Riemannian manifold (M, g), is the hypersurface TrM = {(x,u) ∈
TM | gx(u,u) = r2}. The tangent space of TrM , at a point (x,u) ∈ TrM , is given by
(TrM)(x,u) =
{
Xh + Y v : X ∈ Mx, Y ∈ {u}⊥ ⊂ Mx
}
. (2.3)
When r = 1, T1M is called the unit tangent (sphere) bundle.
We call g-natural metrics on T1M the restrictions of g-natural metrics of TM to its hypersurface T1M . These metrics
possess a simpler form. Precisely, at it was shown in [1], every Riemannian g-natural metric G˜ on T1M is necessarily
induced by a Riemannian g-natural G on TM of the special form⎧⎪⎨
⎪⎩
G(x,u)(Xh, Yh) = (a + c)gx(X, Y ) + βgx(X,u)gx(Y ,u),
G(x,u)(Xh, Y v) = G(x,u)(Xv , Yh) = bgx(X, Y ),
G(x,u)(Xv , Y v) = agx(X, Y ),
(2.4)
for three real constants a, b, c and a smooth function β : [0,∞) → R. It is easily seen that G is obtained by the general
expression (2.1) when
α1 = a, α2 = b, α3 = c, β1 = β2 = 0, β3 = β, (2.5)
Such a metric G˜ on T1M only depends on the value d := β(1) of β at 1. From (2.2) and (2.5) it follows that G˜ is Riemannian
if and only if
a > 0, α := a(a + c) − b2 > 0 and φ := a(a + c + d) − b2 > 0. (2.6)
Notice that the Sasaki metric and the Gheeger–Gromoll metric [10] belong to the class of Riemannian g-natural metrics
on T1M and satisfy b = 0.
By a simple calculation, using the Schmidt’s orthonormalization process, it is easy to check that the vector ﬁeld on TM
deﬁned by
NG(x,u) =
1√
(a + c + d)φ
[−b · uh + (a + c + d) · uv], (2.7)
for all (x,u) ∈ TM , is unit normal at any point of T1M .
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of the vertical lift of X to (x,u) with respect to NG , that is,
XtG = Xv − G(x,u)
(
Xv ,NG(x,u)
)
NG(x,u) = Xv −
√
φ
a + c + d gx(X,u)N
G
(x,u). (2.8)
If X ∈ Mx is orthogonal to u, then XtG = Xv .
The tangent space (T1M)(x,u) of T1M at (x,u) is spanned by vectors of the form Xh and Y tG , where X , Y ∈ Mx . Using
this fact, the Riemannian metric G˜ on T1M , induced from G , is completely determined by the identities⎧⎪⎪⎨
⎪⎪⎩
G˜(x,u)(Xh, Yh) = (a + c)gx(X, Y ) + dgx(X,u)gx(Y ,u),
G˜(x,u)(Xh, Y tG ) = bgx(X, Y ),
G˜(x,u)(XtG , Y tG ) = agx(X, Y ) − φa+c+d gx(X,u)gx(Y ,u),
(2.9)
for all (x,u) ∈ T1M and X , Y ∈ Mx . It should be noted that, by (2.9), horizontal and vertical lifts are orthogonal with respect
to G˜ if and only if b = 0.
3. The energy of a vector ﬁeld V : (M, g) → (T1M, G˜)
Let f : (M, g) → (M ′, g′) be a smooth map between Riemannian manifolds, with M compact. The energy of f is deﬁned
as the integral
E( f ) :=
∫
M
e( f )dvg
where e( f ) = 12‖ f∗‖2 = 12 trg f ∗g′ is the so-called energy density of f . With respect to a local orthonormal basis of vector
ﬁelds {e1, . . . , en} on M , it is possible to express the energy density as e( f ) = 12
∑n
i=1 g′( f∗ei, f∗ei). Critical points of the
energy functional on C∞(M,M ′) are known as harmonic maps. They have been characterized in [11] as maps having van-
ishing tension ﬁeld τ ( f ) = tr∇ df . When (M, g) is a general Riemannian manifold (including the non-compact case), a map
f : (M, g) → (M ′, g′) is said to be harmonic if τ ( f ) = 0. For further details about harmonic maps, we can refer to [24].
Let now (M, g) be a compact Riemannian manifold of dimension n and (TM,G) its tangent bundle, equipped with an
arbitrary Riemannian g-natural metric G . The energy E(V ) of a vector ﬁeld V is deﬁned as the energy associated to the
corresponding map V : (M, g) → (TM,G) and was calculated in [4]. Suppose now V is a unit vector ﬁeld. Hence, V also
deﬁnes a map V : (M, g) → (T1M, G˜), where G˜ is the metric on T1M induced by G . However, since (T1M, G˜) is isometrically
immersed into (TM,G), the energy density of V : (M, g) → (T1M, G˜) coincides with the one of V : (M, g) → (TM,G). In [4]
we found the following general expression for the energy density of V : (M, g) → (TM,G):
e(V ) = 1
2
{
n(α1 + α3)(r2) + (β1 + β3)(r2)r2 + 2α2(r2)div V
+ 2β2(r2)V (r2) + α1(r2)‖∇V ‖2 + 1
4
β1(r
2)‖grad r2‖2
}
, (3.1)
where G is an arbitrary Riemannian g-natural metric deﬁned by (2.1).
Let now G˜ be an arbitrary Riemannian g-natural metric on T1M . Hence, G˜ is described by (2.9), where a, b, c and d are
four real numbers, satisfying (2.6). G˜ is induced by a Riemannian g-natural metric G on TM which can be chosen of the
special form (2.4). With respect to this particular G , (3.1) becomes
2e(V ) = n(a + c) + d + a‖∇V ‖2 + 2b div V (3.2)
and so, integrating over M we get
E(V ) = 1
2
[
n(a + c) + d] · vol(M, g) + a
2
·
∫
M
‖∇V ‖2 dvg . (3.3)
Since a > 0, (3.3) implies that
E(V ) 1
2
[
n(a + c) + d] · vol(M, g) = 1
2
[
(n − 1)(a + c) + a + c + d] · vol(M, g) > 0, (3.4)
for all V ∈ X1(M) since a + c > 0 and a + c + d > 0. The equality holds in (3.4) if and only if V is parallel. Therefore, we
have the following
Theorem 1. Let (M, g) be a compact Riemannian manifold. Equipping T1M with an arbitrary Riemannian g-natural metric G˜ , a unit
vector ﬁeld V is an absolute minimum for the energy E :X1(M) → R restricted to X1(M) if and only if V is parallel.
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Given a compact Riemannian manifold (M, g), we say that a vector ﬁeld V ∈ X1(M) is harmonic if and only if the cor-
responding map V : (M, g) → (T1M, G˜) is a critical point for the energy functional E :X1(M) → R, that is, only considering
variations among maps deﬁned by unit vector ﬁelds.
Note that V also deﬁnes a map V : (M, g) → (TM,G). The problem of determining critical points for E :X(M) → R was
investigated with respect to an arbitrary Riemannian g-natural metric G on TM in [4], where such critical points have been
called X-harmonic vector ﬁelds.
The critical point condition for E :X1(M) → R could be deduced directly from (3.2). In the sequel, we include the proof
for completeness. Let V (t) be a variation of V in X1(M). Then, by (3.2) we have
2e(t) := 2e(V (t))= n(a + c) + d + a∥∥∇V (t)∥∥2 + 2b div V (t)
and integrating over M , we ﬁnd
E(t) := E(V (t))= n(a + c) + d
2
vol(M, g) + a
2
∫
M
∥∥∇V (t)∥∥2dvg . (4.1)
Since V (0) = V , differentiating (4.1) we obtain that
E ′(0) = a
∫
M
g
(∇V ,∇V ′(0))dvg = a
∫
M
g
(
	¯V , V ′(0)
)
dvg . (4.2)
Note that V ′(0) is orthogonal to V . Moreover, for any vertical vector ﬁeld W v there exists a variation {V (t)} of V by unit
vector ﬁelds, such that W v = V ′(0). Since a > 0, by (4.2) it is easy to conclude that V is harmonic if and only if the
component of 	¯V orthogonal to V vanishes, that is, 	¯V is collinear to V . Thus, we proved the following
Theorem 2. Let (M, g) be a compact Riemannian manifold. When T1M is equipped with an arbitrary Riemannian g-natural metric G˜ ,
a unit vector ﬁeld V is harmonic if and only if 	¯V is collinear to V .
In literature, critical points of E :X1(M) → R have been already investigated, considering T1M equipped with the Sasaki
metric g˜s [25,26]. Theorem 2 extends the same characterization to an arbitrary Riemannian g-natural metric G˜ . Note that
the collinearity of 	¯V and V only depends on g and not on the particular Riemannian g-natural metric G˜ we are considering
on T1M . In particular, V is harmonic when T1M is equipped with any G˜ if and only if so is when T1M is equipped
with g˜s .
5. The tension ﬁeld associated to V : (M, g) → (T1M, G˜)
Let (M, g) be a Riemannian manifold and V ∈ X(M). The tension ﬁeld associated to the map V : (M, g) → (TM,G) is
deﬁned as
τ (V ) :M → V−1(T TM),
x → tr(∇dV )x. (5.1)
In [4], the authors calculated the tension ﬁeld associated to the map V : (M, g) → (TM,G) for an arbitrary Riemannian
g-natural metric G deﬁned by (2.1). In particular, when V is a unit vector ﬁeld, we get
τ (V )(x) = (τh(V )(x))h + (τv(V )(x))v , (5.2)
where
τh(V ) = −2A1Q V + 2C1S(V ) + 2C2∇V V +
[
2A2 − A3(V , V ) + nA4 + A5 + 2C4g
(
S(V ), V
)
+ 2C5 div V + E2‖∇V ‖2
]
V ,
τv(V ) = −	¯V − B1Q V + 2D1S(V ) + 2D2∇V V +
[
2B3 − B4(V , V ) + nB5 + B6 + 2D4g
(
S(V ), V
)
+ 2D5 div V + F2‖∇V ‖2
]
V . (5.3)
Smooth functions Ai, . . . , Fi appearing in (5.3) are evaluated at 1 = ‖V ‖2. They are (some of) the functions determining the
Levi-Civita connection ∇¯ of G and depend on functions αi, βi which determine G by (2.1) (see [3,4]). Explicitly, we have:
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2α
,
A2 = α2(β1 + β3)
2α
,
A3 = α2{α1[φ1(β1 + β3) − φ2β2] + α2(β1α2 − β2α1)}
αφ
,
A4 = φ2(α1 + α3)
′
φ
,
A5 = αφ2(β1 + β3)
′ + (β1 + β3){α2[φ2β2 − φ1(β1 + β3)] + (α1 + α3)(α1β2 − α2β1)}
αφ
, (5.4)
B1 = α
2
2
α
,
B3 = − (α1 + α3)(β1 + β3)
2α
,
B5 = − (φ1 + φ3)(α1 + α3)
′
φ
,
B4 = α2{α2[φ2β2 − φ1(β1 + β3)] + (α1 + α3)(β2α1 − β1α2)}
αφ
,
B6 = 1
αφ
{−α(φ1 + φ3)(β1 + β3)′ + (β1 + β3){(α1 + α3)[(φ1 + φ3)β1 − φ2β2]
+ α2
[
α2(β1 + β3) − (α1 + α3)β2
]}}
, (5.5)
C1 = −α
2
1
2α
,
C2 = −α1(β1 + β3)
2α
,
C4 = α1{α2(α2β1 − α1β2) + α1[φ1(β1 + β3) − φ2β2]}
2αφ
,
C5 = φ1(β1 + β3) + φ2(2α
′
2 − β2)
2φ
, (5.6)
D1 = α1α2
2α
,
D2 = α2(β1 + β3)
2α
,
D4 = α1{(α1 + α3)(α1β2 − α2β1) + α2[φ2β2 − φ1(β1 + β3)]}
2αφ
,
D5 = −φ2(β1 + β3) + (φ1 + φ3)(2α
′
2 − β2)
2φ
, (5.7)
E2 = φ1β2 − φ2(β1 − α
′
1)
φ
, (5.8)
F2 = (φ1 + φ3)(β1 − α
′
1) − φ2β2
φ
. (5.9)
Using (2.4) in (5.4)–(5.9), via standard calculations we obtain the following
Theorem 3. Let (M, g) be a compact Riemannian manifold and V ∈ X1(M) a unit vector. When TM is equipped with a special
Riemannian g-natural metric G satisfying (2.4), the tension ﬁeld τ (V ) of V : (M, g) → (TM,G) is given by
τ (V )(x) = (τh(V )(x))h + (τv(V )(x))v , (5.10)
where
τh(V ) = ab Q V − a
2
S(V ) − ad∇V V +
[
bd − a
2bd
(V , V ) + αbβ
′ − abd2 + a
3d
g
(
S(V ), V
)+ ad div V
]
V , (5.11)α α α α αφ αφ αφ φ
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2
α
Q V + ab
α
S(V ) + bd
α
∇V V
+
[
− (a + c)d
α
+ ab
2d
αφ
(V , V ) + b
2d2 − αϕβ ′
αφ
− a
2bd
αφ
g
(
S(V ), V
)− bd
φ
div V
]
V , (5.12)
where we put ϕ = a + c + d and β ′ is evaluated at 1. Then, V : (M, g) → (TM,G) is a harmonic map if and only if τ (V ) = 0, that is,
τh(V ) = τv(V ) = 0.
Remark 1. Since the condition τ (V ) = 0 has a tensorial character, as usual we can assume it as a deﬁnition of harmonic
maps even when M is not compact, and Theorem 3 extends at once to the non-compact case.
Next, we denote by τ1(V ) the tension ﬁeld associated to V : (M, g) → (T1M, G˜). Since (T1M, G˜) is isometrically im-
mersed into (TM,G) via the inclusion, we have that τ1(V ) is nothing but the tangential projection of τ (V ) on T1M .
Generally speaking, for any vector ﬁeld X tangent to M , the tangential projections of its horizontal and vertical lifts to
the point Vx ∈ T1M are exactly its horizontal and tangential lifts, respectively, to Vx . In particular, we obtain
τ1(V ) =
(
τh(V )
)h + (τv(V ))tG . (5.13)
Replacing the normal vector ﬁeld NG in (2.8) by its expression given in (2.7), we can easily conclude that for any vector
ﬁeld X tangent to M , its tangential lift along V ∈ T1M is given by
XtG = b
ϕ
g(X, V )V h + (X − g(X, V )V )v . (5.14)
Applying (5.14) to τv (V ), by (5.13) we then get
τ1(V ) =
(
τh(V ) + b
ϕ
g
(
τv(V ), V
)
V
)h
+ (τv(V ) − g(τv(V ), V )V )v . (5.15)
Thus, by (5.10) and taking into account (2.6), we get the following
Theorem 4. Let (M, g) be a compact Riemannian manifold and V ∈ X1(M) a unit vector. When T1M is equipped with an arbitrary
Riemannian g-natural metric G˜ , the tension ﬁeld τ1(V ) of V : (M, g) → (T1M, G˜) is given by
τ1(V )(x) =
(
τ1h(V )(x)
)h + (τ1v(V )(x))v , (5.16)
where
τ1h(V ) = ab
α
Q V − a
2
α
S(V ) − ad
α
∇V V +
[
− b(ad + b
2)
αϕ
(V , V )
− b
ϕ
g(	¯V , V ) + d
ϕ
div V + a(ad + b
2)
αϕ
g
(
S(V ), V
)]
V , (5.17)
τ1v(V ) = −	¯V − b
2
α
Q V + ab
α
S(V ) + bd
α
∇V V +
[
b2
α
(V , V ) + g(	¯V , V ) − ab
α
g
(
S(V ), V
)]
V . (5.18)
Thus, V : (M, g) → (T1M, G˜) is a harmonic map if and only if τ1h(V ) = τ1v(V ) = 0.
Because of the tensorial character of the condition τ1(V ) = 0, we can use it as a deﬁnition of harmonic maps from (M, g)
to (T1M, G˜) even when M is not compact.
We can derive by τ1h(V ) = τ1v(V ) = 0 a set of equivalent conditions, which permit a better understanding of the geo-
metrical meaning of these equations. We start by noticing that, by (5.18), τ1v(V ) = 0 simply expresses the fact that(
	¯V + b
2
α
Q V − ab
α
S(V ) − bd
α
∇V V
)
is collinear to V . (5.19)
Taking into account the deﬁnitions of α and φ, we then easily conclude that τ1h(V ) = 0 holds if and only if(
bQ V − aS(V ) − d∇V V
)
is collinear to V (5.20)
and
b(V , V ) − bg(	¯V , V ) + ddiv V − ag(S(V ), V )= 0. (5.21)
Hence, τ1(V ) = 0 if and only if (5.19)–(5.21) hold. Now, because of (5.20), (5.19) reduces to requiring that 	¯V is collinear
to V .
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is easy to check that (5.20) and (5.21) hold if and only if
bQ V − aS(V ) = {b‖∇V ‖2 − ddiv V }V + d∇V V .
In this way (and taking into account Theorem 2), we proved the following
Theorem 5. Let (M, g) be a Riemannian manifold, V a unit vector ﬁeld and G˜ an arbitrary Riemannian g-natural metric on T1M.
Then, V : (M, g) → (T1M, G˜) is a harmonic map if and only if V is a harmonic vector ﬁeld and
bQ V − aS(V ) = {b‖∇V ‖2 − ddiv V }V + d∇V V . (5.22)
Under some special assumptions, condition (5.22) simpliﬁes. For example, by (2.9) it follows that horizontal and tangen-
tial distributions are orthogonal with respect to G˜ if and only if b = 0. In this special case, we have the following
Corollary 1. Let (M, g) be a Riemannian manifold and V ∈ X1(M) a unit vector. Suppose T1M is equipped with a Riemannian
g-natural metric G˜ of the form (2.9) with b = 0 (that is, such that horizontal and tangential distributions are orthogonal). Then,
V : (M, g) → (T1M, G˜) is a harmonic map if and only if
(i) S(V ) = da {(div V )V − ∇V V }, and
(ii) 	¯V is collinear to V .
In the special case of the Sasaki metric g˜s , by Theorem 5 we obtain the well-known result by Han and Yim:
Corollary 2. (See [14].) V : (M, g) → (T1M, g˜s) is a harmonic map if and only if S(V ) = 0 and 	¯V is collinear to V .
Moreover, Theorem 5 permits to extend the characterization given in the case of g˜s to a two-parameters family of
Riemannian g-natural metrics on T1M (including g˜s). In fact, we have at once the following
Corollary 3. Let (M, g) be a Riemannian manifold and V ∈X1(M) a unit vector. When T1M is equipped with a Riemannian g-natural
metric G˜ of the form (2.9) with b = d = 0, V : (M, g) → (T1M, G˜) is a harmonic map if and only if
(i) S(V ) = 0, and
(ii) 	¯V is collinear to V .
6. Unit Killing vector ﬁelds characterized in terms of harmonicity
Let (M, g) be a Riemannian manifold. As it is well known, V ∈ X(M) is a Killing vector ﬁeld if and only if the local 1-
parameter group of V consists of local isometries of g . Moreover, a vector ﬁeld V is a Killing vector ﬁeld if and only if
LV g = 0, where L denotes the Lie derivative. As the deﬁnition already shows, Killing vector ﬁelds are intimely related to
the Riemannian metric g . They have been extensively studied by many authors, and have several interesting applications.
Here, we shall provide a characterization of a unit Killing vector ﬁeld V , in terms of harmonicity of the map V : (M, g) →
(T1M, G˜). We start by proving the following
Proposition 1. Let V ∈X1(M). Then, V is a Killing vector ﬁeld if and only if
div V = 0, ∇V V = 0, (V , V ) = ‖∇V ‖2. (6.1)
Proof. Suppose ﬁrst V is a unit Killing vector ﬁeld. Then, as it is well known, V satisﬁes the ﬁrst two equations of (6.1).
Moreover, (see for example p. 169 of [23]), 	¯V = Q V and, V being a unit vector ﬁeld, we can conclude that ‖∇V ‖2 =
g(	¯V , V ) = (V , V ).
Conversely, assume (6.1) holds. We consider an arbitrary point x ∈ M and a local orthonormal frame {ei} deﬁned in a
neighborhood of x, such that (∇ei)x = 0 for all i. Taking into account div V = 0 and ∇V V = 0, a routine calculation shows
that
(V , V )(x) = −
∑
i
g
(
R(V , ei)V , ei
)
(x)
=
∑
i
{−V (div V ) + div(∇V V ) − g(∇∇ei V V , ei)
}
(x)
= −
∑
g(∇∇ei V V , ei)(x). (6.2)
i
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‖LV g‖2(x) =
∑
i, j
{
g(∇ei V , e j)(x) + g(ei,∇e j V )(x)
}2
= 2
∑
i
g(∇∇ei V V , ei)(x) + 2
∑
i
g(∇ei V ,∇ei V )(x)
= −2(V , V )(x) + 2‖∇V ‖2(x). (6.3)
Then, the last equation in (6.1) implies at once that ‖LV g‖2(x) = 0, for any point x ∈ M , and we can conclude that V is a
Killing vector ﬁeld, 
Let now V ∈ X1M be a Killing vector ﬁeld. By Theorem 5 and Proposition 1, we get at once that V : (M, g) → (T1M, G˜)
is a harmonic map if and only if 	¯V is collinear to V and aS(V ) = 0, that is, since a > 0, S(V ) = 0. Evidently, these two
conditions are independent from the particular Riemannian g-natural metric G˜ we are considering on T1M . Therefore, we
have the following
Proposition 2. If V ∈ X1(M) is a Killing vector ﬁeld, then the harmonicity of the map V : (M, g) → (T1M, G˜) does not depend on
the particular Riemannian g-natural metric G˜: if there exists G˜1 such that V : (M, g) → (T1M, G˜1) is a harmonic map, then so is
V : (M, g) → (T1M, G˜) for any G˜.
Note that in particular, picking up the Sasaki metric in the family of all Riemannian g-natural metrics on T1M , by
Proposition 2 we obtain at once the following
Proposition 3. If V is a unit Killing vector ﬁeld, then V : (M, g) → (T1M, G˜) is a harmonic map with respect to any Riemannian
g-natural metric G˜ if and only if V : (M, g) → (T1M, g˜s) is a harmonic map.
We now prove that the converse of Proposition 2 also holds. In fact, let V be a unit vector ﬁeld and suppose that
V : (M, g) → (T1M, G˜) is a harmonic map for any Riemannian g-natural metric G˜ . Then, by Theorem 5 we have
aS(V ) + b(‖∇V ‖2V − Q V )+ d(∇V V − (div V )V )= 0, (6.4)
for any choice of a,b,d satisfying (2.6). At any point x ∈ M , (6.4) determines an algebraic equation which must hold for all
values of a,b,d (satisfying (2.6)). Therefore, we necessarily have S(V ) = 0, Q V = ‖∇V ‖2V and ∇V V − (div V )V = 0 (at any
point and so, globally on M). Since V is a unit vector ﬁeld, ∇V V is orthogonal to V . Hence,∇V V = 0 and div V = 0 and,
taking into account Proposition 1, we proved the following
Proposition 4. If V is a unit vector ﬁeld which deﬁnes a harmonic map V : (M, g) → (T1M, G˜) with respect to all Riemannian
g-natural metrics G˜ on T1M, then V is Killing.
Combining Propositions 2 and 4, we now obtain at once the following
Theorem 6. A unit vector ﬁeld V is Killing if and only if the harmonicity of the map V : (M, g) → (T1M, G˜) depends only on g and
not on the particular Riemannian g-natural metric G˜ on T1M.
Remark 2. By their deﬁnition, Killing vector ﬁelds are strictly related to the Riemannian metric g on M . On the other hand,
we are equipping T1M with some Riemannian metrics, called “g-natural” exactly because they come from g via a natural
construction. Therefore, the characterization of Killing unit vector ﬁelds given in Theorem 6, through a strong criticality
condition, could somehow be expected.
We now show by an example that if V ∈ X1(M) is not a Killing vector ﬁeld, then the harmonicity of the map
V : (M, g) → (T1M, G˜) explicitly depends on the choice of the Riemannian g-natural metric. Other examples will be given
in the following Section in the framework of contact metric geometry.
Consider the hyperbolic space Hn of constant negative sectional curvature −k2, that is, Hn = (Rn+, g), where Rn+ ={(y1, . . . , yn) ∈ Rn: yn > 0} and
g = 1
k2 y2n
(dy1 ⊗ dy1 + · · · + dyn ⊗ dyn).
Clearly, Hn does not admit any unit Killing vector ﬁeld. Vector ﬁelds ei = kyn ∂∂ yi for i = 1, . . . ,n provide an orthonormal
frame on Hn . Put V = en . A standard calculation shows that covariant derivatives of ei can be completely described as
follows:
∇ei e j = kδi j V , ∇ei V = −kei, ∇V ei = 0, ∇V V = 0, (6.5)
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harmonic (see also [13]). Moreover, since Hn has constant sectional curvature, we easily obtain
S(V ) = k2(−∇V V + (div V )V )= k2(div V )V
and, by (6.5), div V = (1− n)k = 0. So, because of Theorem 5, V : (Hn, g) → (T1Hn, G˜) is a harmonic map if and only if
ak2 − 2bk − d = 0. (6.6)
By (6.6), Riemannian g-natural metrics G˜ for which V : (Hn, g) → (T1Hn, G˜) is a harmonic map are all and the ones satis-
fying d = ak2 − 2bk (and so, they form a three-parameters family of Riemannian g-natural metrics on T1M). Notice that, in
particular, V = en : (Hn, g) → (T1Hn, g˜s) is not a harmonic map, since in such case: b = d = 0 and ak2 = 0.
7. Harmonicity of the Reeb vector ﬁeld
We now consider the special case when V = ξ is the Reeb vector ﬁeld of a contact metric manifold (M, η, g), and we
start by recalling some basic deﬁnitions and properties about contact metric manifolds.
A (2m+1)-dimensional manifold M is said to be a contact manifold if it admits a global 1-form η such that η∧(dη)m = 0.
Given η, there exists a unique vector ﬁeld ξ , called the Reeb vector ﬁeld (or the characteristic vector ﬁeld) such that η(ξ) = 1
and dη(ξ, ·) = 0. Furthermore, a Riemannian metric g is said to be an associated metric if there exists a tensor ϕ of type
(1,1) such that
η = g(ξ, ·), dη = g(·,ϕ·), ϕ2 = −I+ η ⊗ ξ. (7.1)
We refer to (M, η, g) or to (M, η, g, ξ,ϕ) as a contact metric manifold. As it is well known, the Reeb vector ﬁeld ξ plays a
fundamental role in describing the geometry of a contact metric manifold. By (7.1) it follows at once that ξ is a unit vector
ﬁeld on (M, g), that is, ξ ∈X1(M). The Reeb vector ﬁeld ξ also satisﬁes
∇ξ = −ϕ − ϕh, ∇ξ ξ = 0, div ξ = 0, (7.2)
‖∇ξ‖2 = 2m + trh2 = 4m − (ξ, ξ), (7.3)
where h = 12 Lξϕ is the Lie derivative of ϕ . Moreover, as the third author proved in [22],
	¯ξ = 4mξ − Q ξ. (7.4)
A K-contact manifold is a contact metric manifold such that ξ is a Killing vector ﬁeld with respect to g . Equivalently, M is
K -contact if and only if h = 0. A contact metric manifold (M, η, g) is Sasakian if and only if its curvature tensor satisﬁes
R(X, Y )ξ = η(Y )X − η(X)Y . (7.5)
Any Sasakian manifold is K -contact and the converse also holds for three-dimensional spaces. For further details, references
and information about contact metric manifolds, we refer to [6].
Now, taking into account (7.2)–(7.4), by Theorem 5 we obtain at once the following
Theorem 7. Let (M, η, g) be a contact metric manifold and G˜ an arbitrary Riemannian g-natural metric on T1M. Then, ξ : (M, g) →
(T1M, G˜) is a harmonic map if and only if
(i) aS(ξ) = −2b(trh2)ξ , and
(ii) Q ξ is collinear to ξ .
In [22], the third author introduced and studied H-contact spaces, that is, contact metric manifolds (M, η, g, ξ,ϕ) whose
Reeb vector ﬁeld ξ is a critical point for the energy functional E restricted to the space X1(M) of all unit vector ﬁelds
on (M, g), considered as smooth maps from (M, g) into (T 1M, g˜s). As it was proved in [22], M is H-contact if and only if
ξ is an eigenvector of the Ricci operator, that is, Q ξ is collinear to ξ . Now, Theorem 2 and formula (7.4) imply at once that
the same characterization holds if g˜s is replaced by any Riemannian g-natural metric G˜ on T1M .
Note that the class of H-contact manifolds is very large, since η-Einstein spaces, K -contact spaces, (k,μ)-spaces and
strongly locally φ-symmetric spaces are all H-contact [22]. By Theorem 7, we now get at once the following
Corollary 4. Consider a contact metric manifold (M, η, g), an arbitrary Riemannian g-natural metric G˜ on T1M and the map
ξ : (M, g) → (T1M, G˜) deﬁned by the Reeb vector ﬁeld. Then,
ξ is a harmonic map if and only if M is H-contact and aS(ξ) = −2b trh2.
In particular,
(a) when M is K -contact, ξ is a harmonic map if and only if S(ξ) = 0;
(b) when M is Sasakian, ξ is a harmonic map.
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depend on G˜ . Indeed, this is a special case of Theorem 6, because by deﬁnition the Reeb vector ﬁeld of a K -contact space
is Killing. Statement (b) of Corollary 4 uses the fact that S(ξ) = 0 holds on any Sasakian manifold. This property will be
proved below for the broader class of (κ,μ)-spaces.
Both Theorem 7 and Corollary 4 show that condition b = 0, expressing the orthogonality between the horizontal and
tangential distributions, plays a special role in the harmonicity of ξ : (M, g) → (T1M, G˜). In fact, if we restrict ourselves to
Riemannian g-natural metrics with b = 0, then harmonicity of ξ : (M, g) → (T1M, G˜) does not depend on the particular G˜ .
More precisely, we have the following
Corollary 5. Consider a contact metric manifold (M, η, g) and a Riemannian g-natural metric G˜ on T1M with b = 0. Then, the
following properties are equivalent:
(i) ξ : (M, g) → (T1M, G˜) is a harmonic map;
(ii) S(ξ) = 0 and M is H-contact;
(iii) ξ : (M, g) → (T1M, g˜s) is a harmonic map.
We now turn our attention to (κ,μ)-spaces, that is, contact metric manifolds (M, η, g), whose curvature tensor satisﬁes
R(X, Y )ξ = κ(η(Y )X − η(X)Y )+ μ(η(Y )hX − η(X)hY ), (7.6)
for some real constants κ,μ. The class of (κ,μ)-spaces were introduced in [7], and intensively studied since then. For any
(κ,μ)-space M we have h2 = (κ − 1)ϕ2, κ  1, and κ = 1 holds if and only if M is Sasakian. Equivalently, a (κ,μ)-space
is Sasakian if and only if it is K -contact. Generalized (κ,μ)-spaces, where κ and μ are functions instead of constants, have
been introduced in [17]. Proper generalized (κ,μ)-spaces only occur in dimension three. As it was proved in [21], the Reeb
vector ﬁeld ξ of a three-dimensional contact metric manifold (M, η, g) deﬁnes a harmonic map ξ : (M, g) → (T1M, g˜s) if
and only if, at least on a dense open subset, M is a generalized (κ,μ)-space.
We can now provide a characterization of Sasakian manifolds among all (κ,μ)-spaces in terms of harmonicity, by proving
the following
Theorem 8. Let (M, η, g) be a (κ,μ)-space. Then, M is Sasakian if and only if there exists a Riemannian g-natural metric G˜ on T1M,
with b = 0, such that ξ : (M, g) → (T1M, G˜) is a harmonic map.
Proof. If M is Sasakian then, by Corollary 4, ξ : (M, g) → (T1M, G˜) is a harmonic map for any Riemannian g-natural met-
ric G˜ .
Conversely, assume that there exists a Riemannian g-natural metric G˜ on T1M , with b = 0, such that ξ : (M, g) →
(T1M, G˜) is a harmonic map. By Theorem 7, we then have
aS(ξ) = −2b(trh2)ξ. (7.7)
On the other hand, since M is a (κ,μ)-space, we have tr[R(∇ · ξ, ξ)·] = 0. In fact, let {e0 = ξp, e1, . . . , en,ϕe1, . . . , ϕen} be
a local orthonormal basis of vector ﬁelds, made by eigenvectors of h: hei = λiei , hϕei = −λiϕei (such a basis exists on
any contact metric manifold, because h is symmetric and satisﬁes hϕ = −ϕh). We can now calculate S(ξ) using this basis.
Taking into account the ﬁrst equation in (7.2), we get
S(ξ) = tr[R(∇·ξ, ξ)·]=
n∑
i=1
R(∇ei ξ, ξ)ei +
n∑
i=1
R(∇ϕei ξ, ξ)ϕei
= −
n∑
i=1
R(ϕei, ξ)ei −
n∑
i=1
λi R(ϕei, ξ)ei −
n∑
i=1
R(ei, ξ)ϕei −
n∑
i=1
λi R(ei, ξ)ϕei
and so, by the ﬁrst Bianchi identity,
tr
[
R(∇·ξ, ξ)·
]=
n∑
i=1
R(ei,ϕei)ξ +
n∑
i=1
λi R(ei,ϕei)ξ − 2
n∑
i=1
λi R(ei, ξ)ϕei . (7.8)
Since M is a (κ,μ)-space, it is easily seen that all terms on the right side of Eq. (7.8) vanish. In fact, ei,ϕei are orthog-
onal to ξ , that is, they belong to the contact distribution Kerη and so, (7.6) implies at once R(ei,ϕei)ξ = 0. As concerns
R(ei, ξ)ϕei , taking its scalar product with ξ and an arbitrary vector X orthogonal to ξ (and using the fact that M is a
(κ,μ)-space), we respectively get
g
(
R(ei, ξ)ϕei, ξ
)= −g(R(ei, ξ)ξ,ϕei)= −g((κ + μλi)ei,ϕei)= 0, and
g
(
R(ei, ξ)ϕei, X
)= −g(R(ϕei, X)ξ, ei)= 0.
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b = 0, we necessarily have trh2 = 0, that is, all eigenvalues of h are equal to zero. Therefore, h = 0, that is, M is a K -contact
(κ,μ)-space and hence, a Sasakian manifold. 
The same argument used in the proof of Theorem 8, together with Corollary 5, easily shows that for a non-Sasakian
(κ,μ)-space we have the following
Corollary 6. Let (M, η, g) be a non-Sasakian (κ,μ)-space and G˜ a Riemannian g-natural metric G˜ on T1M. Then, ξ : (M, g) →
(T1M, G˜) is a harmonic map if and only if b = 0.
The result given in Theorem 8 can be sharpened in dimension three. In fact, we have the following
Theorem 9. Let (M, η, g) be a three-dimensional contact metric manifold with Ricci curvature (ξ, ξ) constant along the char-
acteristic ﬂow. Then, M is Sasakian if and only if there exists a Riemannian g-natural metric G˜ on T1M, with b = 0, such that
ξ : (M, g) → (T1M, G˜) is a harmonic map.
Proof. If M is Sasakian then the conclusion follows at once from Corollary 4. Conversely, assume now there exists a Rieman-
nian g-natural metric G˜ on T1M , with b = 0, such that ξ : (M, g) → (T1M, G˜) is a harmonic map. Let 0,±λ the eigenvalues
of h. Then, trh2 = 2λ2. By Corollary 4, M is H-contact and so, as the third author proved in [21],
S(ξ) = 2λξ(λ)ξ.
Taking into account a > 0, condition (i) in Theorem 7 then becomes
λξ(λ) = −2b
a
λ2. (7.9)
Since (ξ, ξ) = 2− trh2 = 2(1− λ2), our condition on (ξ, ξ) means that ξ(λ) = 0. Then, b = 0 and (7.9) imply that λ = 0.
Hence, M is K -contact and so, Sasakian. 
The hypothesis that the Ricci curvature (ξ, ξ) is constant along the characteristic ﬂow, used in Theorem 9, is a rather
weak condition which holds for a broad class of contact metric three-manifolds, strictly including generalized (κ,μ)-spaces.
In fact, the third author [21] proved that a contact metric three-manifold is a generalized (κ,μ)-space if and only if the
manifold is H-contact and ξ(λ) = 0 (on a dense open subset). Moreover, the second author [8] described explicitly an
example of conformally ﬂat contact metric three-manifold (M¯, η, g), which satisﬁes ξ(λ) = 0 but has not constant sectional
curvature. M¯ is not H-contact, since Theorem 4.1 of [9] implies that a three-dimensional conformally ﬂat H-contact space
has constant sectional curvature either 0 or 1. In particular, for the manifold M¯ the Ricci curvature (ξ, ξ) is constant along
the characteristic ﬂow, but M¯ is not a generalized (κ,μ)-space.
Explicit examples to which Theorem 9 applies are:
(a) all unimodular Lie groups carrying a homogeneous contact metric structure listed in Theorem 3.1 of [20],
(b) all examples of proper generalized (κ,μ)-spaces described in [17].
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